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Question Bank
Paper : MTH - 212 (B)
Computational Algebra
Unit — I

1 : Questions of 2 marks

1) Define reflexive relation and irreflexive relation.

2) Define symmetric and antisymmetric relation.
3) Define transitive closure and symmetric closure of a relation R on
aset A.

4) Define closure and symmetric closure of a relation R on a set A.

5) Define reflexive closure of a relation R on a set A. Explain by an
example.

6) Define rechability relation R and a relation R”, where R is a
relation on a set A.

7) Define a partition of a set. List all partitions of a set A = {1, 2, 3}.

8) Define Boolean product and Boolean addition of two Boolean
matrices.

9) LetA={1,2,3,4}andR={(1,1),(1,2),(2,3),3,1),4,
3),(3,2)}. Find R(1),R(2), R(X) if X = {3, 4}.

1 00 I 1T 1
10) LetA=|{0 1 1|,B=|0 0 1|.Compute Av Band A A B.
1 00 I 01



11)

12)

13)

14)

15)

I 1 0
01 0 1 0 0 O
Let A= L1 ool B=|0 1 1 0/|.Compute A © B.
I 0 1 1
0 0 1

Let A = {a, b, ¢, d, e}and R be a relation on A and matrix of

1 10 0

relation R is My = . Find R and its diagraph.

S O = = O

- o O O
S = O O
S = O =

0
1
0
L 0_
IfA=1{1,2,3,4,5,6,7}andR={(1,2),(1,4),(2,3),(2,5),
(3,6), (4, 7)}then compute the restriction of R to B= {1, 2, 4, 5}.
Let A= {a, b, c, d} and R be the relation on A that has matrix of
1 0 0O

0
ol Construct its diagraph. Also find

1

relation 1s My =

S = O
— O

1
1
1

(e

indegree and outdegree for each vertex.

Find the relation and its matrix whose diagraph is given below :




16)  For the following diagraph list the indegree and out degree of each

vertex. Also write the corresponding relation :

4 )e (3;

2 : Multiple choice Questions of 1 marks
1) LetA={1,2,3,4} ,B={1,4,6,8,9} and R be a relation from A
to B defined by aRb < b = a*. Then dom(R) =- - - -
a) {1,2,3,4} b) {1, 2, 3}
c){1,4,9} d) {1,4,9, 16}
2) LetA={1,2,3,4} ,B={1,4,6,8,9} and R be a relation from A
to B defined by aRb <> b = a”. Then Ran(R) =- - - -
a) {1,2,3,4} b) {1, 2, 3}
c){1,4,9} d) {1,4,9, 16}
3) Let A={1,2,3,4,6,9, 12} and R be a relation on A defined by
aRb < a is a multiple of b. Then R-relative set of 6 1s - - - -
a) {1,2,3,6} b) {6, 12}
c){1,2,3} d) {12}
4) A relation R on a set A is reflexive if and only if - - - -
a) all diagonal entries of My are 1 and non diagonal entries
of My are 0
b) all diagonal entries of My, are 1

c) all diagonal entries of My are 0



d) all diagonal entries of My are 0 and non diagonal entries
of My are 1
5) A relation R on a set A is irreflexive if and only if - - - -
a) all diagonal entries of My are 1 and non diagonal entries
of My are 0
b) all diagonal entries of My, are 1
c) all diagonal entries of My are 0
d) all diagonal entries of My are 0 and non diagonal entries
of My are 1
6) Let R be a relation on a set A. Then MR2 =----

a) MRG') MR b) MRV MR C) MR/\ MR d) MRG)MR

7) Symmetric closure of a relation Ronaset Ais - - - -
a) R b)R" ¢)RUR' d)RNAR™

8) Let A= {1, 2, 3,4}. Which of the following is a partition of A?
a) {{1.2} , {3}} b) {{1,2}, {3,4}}

) {{1.2,3}, {2,3.4}} d) 111,25, 12,35, 11,2}, 12,335

3 : Questions of 4 marks

1) If R and S are equivalence relations on a set A then show that the
smallest equivalence relation containing R and S is (R U S)”.

2) If R is a relation on A = {a;, a,, - - -, a,} then show that M )=
R

MrOMp.

3) Let R be a relation on a set A. Prove that R” is a transitive closure of
R.

4) Let A be a set with n elements and R be a relation on A. Prove that R

=RUR?>U----UR",



5)

6)

7)

8)

9

Explain the method of finding partitions A/R, where R is an
equivalence relation on a finite set A. Let A = {1, 2, 3,4} and R = {(1
,D,0,2),2,1),12,2),3,4,4,3),03,3),(4,4)} bean
equivalence relation on A. Find A/R.

Let P be a partition of a set A. Define a relation R on A by “aRb if and
only if a and b belong to same set in P”. Prove that R is an equivalence

relation on A.

Explain Warshall’s algoritham. Using Warshall’s algoritham find the
1 00
transitive closure of a relation R whose matrixisMg = |1 1 0].
0 1 0
Using Warshall’s algoritham find the transitive closure of a relation R
1 0 0 1
. 01 1 0
whose matrix is My =
01 1 0
1 0 0 1
Using Warshall’s algoritham find the transitive closure of a relation R
1 0 0 1
. 01 1 O
whose matrix is My =
01 1 O
I 1 0 1

10)Compute Wy, W,, W3 as in Warshall’s algoritham for the relation R on

1 0010
01 0 0O
aset A={l,2, 3,4, 5}and matrix of Ris Mg={0 0 0 1 1| =
1 00 00
010 0 1]




I1LetA={1,2,3} andR={(1,1),(1,2),(2,3),(1,3),3,1),(3,

2)}. Find the matrix M using the formula M = Mg v (Mg)?
R” R”

v (Mp)™.
12)Let A= {a,b,c} and R={(a,a),(b,b),(b,c),(c,b), (c,c)}.

Find the matrix M using the formula M = Mp v(Mp)’ v
R% R%

(Mp)’.

13)Let A={1,2,3} and B={a,b,c,d, e, flandR={(1,a),(1,c), (2,
d,2,e),2,0),3,b)}. Let X={1,2},Y = {2, 3}. Show that
R(X U Y)=R(X)UR(Y)and R(X "NY)=R(X) N R(Y).

14)Let A={1,2,3,4,5} andR={(1,1),(1,2),(12,3),(3,5),(3.,4)
,(4,5)}. Compute R* , R® and draw diagraph for R*.

I5)LetA={x,y,z,w,t} andR={(x,y),x,w),(y,t),(z,x),(z,1),
(t, w)}. Compute R*, R” and draw diagraph for R*.

16) Let A=1{1,2,3,4,5,6,7}andR={(1,2),(1,4),(2,3),(2,9),
(3,6), (4, 7)} be arelation on A. Find 1) R-relative set of 4 ii) R-
relative set of 2 iii) restriction of R to B, where B = {2, 3, 4, 5}.

17)Determine the partitions A/R for the following equivalence relations

on A

1) A={1,2,3,4tandR={(1,1),(1,2),(2,1),(2,2),
1,3),3.,1),3.,3),4,1),4,4}.
11) S={1,2,3,4tand A=S x S and R be a relation on A

defined by (a, b)R(c, d) < ad = bc.
18)Let A = {1, 2, 3, 4}and R be a relation on A whose matrix is My =

0 0 0

. Find the reflexive closure of R and symmetric closure

S = = O
S O

1
0 1
1

o

of R.



19)Let A = {1, 2, 3, 4}and R be a relation on A whose matrix is My =

1 1 11
0 0 01 . . .
Lo o1l Find the reflexive closure of R and symmetric closure
1 011
of R.

20)Let R, S be relations from A = {1, 2, 3} to B = {1, 2, 3, 4} whose

1 1 0 1 01 10
matricesare Mg=|0 0 0 1|andMg= |1 0 0 1|.Find
1 1 1 0 1 1.0 0
1) ME i) M§ i) M ¢

21) Let R, S be relations from A = {1, 2, 3, 4} to B = {1, 2, 3} whose

1 0 1 010
. 0 1 1 1 0 )
matrices are My = and Mg = . Find
010 1 0 1
1 0 1 1 1 1
1) M | i1) M 1 1) M '
R™ S~ RUS)”

22) Using Warshall’s algoritham , find the transitive closure of relation R

onaset A={l,2,3,4} given by diagraph :

23) Using Warshall’s algoritham , find the transitive closure of relation R

on aset A= {a, b, c,d} given by diagraph :



24) Let R be a relation whose diagraph is given below :

O,

&)

1) List all paths of length 2 starting from vertex 2.
11) Find a cycle starting at vertex 2.
iii)  Draw diagraph of R*.

25) Let R be a relation whose diagraph is given below :



1v)  List all paths of length 3 starting from vertex 3.
V) Find a cycle starting at vertex 6.

vi) Find M

rR3

Unit —1I
1 : Questions of 2 marks

1) Define 1) a message ii) a word
2) Define 1) an (m , n) encoding function i1) an alphabet
3) Define i) a code word ii) a code

4) Define weight of a word. Find the weight of a word 110110101.
5) Define parity check code. If e : B* — B® is a parity check code then
find ¢(1010) and e(1011).
6) Define the Hamming distance between the words x, y € B™. If ¢ : B*
— B’ is a parity check code then find 8(e(0110) , e(1101))
7) Ife: B* — B’ is a parity check code then find
1) 0(e(1011), e(1101)) i) 8(e(0011) , e(1001))



8) Define the minimum distance of an encoding function. If e : B> — B*
is encoding function defined by e(b,b,) = b;b,b,b, then find minimum
distance of e.

9) Find the minimum distance of (2 , 3) parity check code.

10) If ¢ : B> > B* is encoding function defined by e(b;b,) = b;byb,b;b,,

then find minimum distance of e.

1 1
11) Define Parity check matrix. If H= |1 0| is a parity check matrix
0 1

then find (1,3) group code ¢;; : B' — B”.
12) Define the minimum distance of a decoding function.
13) Find weight of each of the following words in B*: x = 1010 , y =
1110, z=0000, w=1111. Also find 6(x,y), d(z, w).
14) Find weight of each of the following words in B’ : x = 1100010, y =
1010110, z=1111111, w=1110101. Also find 6(x ,y), 0(z, w).

110 {11 I 01 1 1 0
15) Compute 1) { } S { } |0 1 1/*]0 1 1
0 1 1 011
I 01 1 0 1
1 01 1 01 I 1 01 1
16) Compute 1) (0 1 1{®|0 1 1 i) (1 0f* [1 : O}
1 01 1 01 0 1
17) If B® = BxBx - - - xB (m factors) is a group under the binary

operation @ then i) Find the identity element of B™.
ii) Find inverse of x € B™. iii) Write the order of B™.

18) Let e be the (3 , 8) encoding function with minimum distance 3. Let d
be the associated maximum likelihood decoding function. Determine

the number of errors that (e,d) can correct.

10



19) Let H = be a parity check matrix. Decode 0101 relative to a

S = O =
—_— O =

maximum likelihood decoding function associate with ey.

20) Let H =

1
0 ) . .
: be a parity check matrix. Decode 1101 relative to a

—_ O = =

0

maximum likelihood decoding function associate with ey.

21) If H = is a parity check matrix then find (2,4) group code

S = O =
—_— O =

ey - B’ » B
22) Define decoding function d : B’ — B’ by d(yiy2y3y4ysyeysysye) =

1, if (y,,¥..3,Y.) hasatleast twol's

712,73, Where z; = { 1 <13,

0, if(Y,,Y.s,Y..)haslessthan twol's’

Determine 1) d(101111101) 11) d(100111100).
23) Define decoding function d : B’ — B’ by d(y1y2y3yaysysy7ysye) =

I, if (y,,¥.3,Y..6) hasatleast twol's

712,73, Where z; = { 1 <1<3.

0, if(y,,Y¥..3,Y,.¢)haslessthan twol's

Determine 1) d(010000010) ii) d(011000011).
24) Define decoding function d : B® — B? by d(y,y2y3V4YsYe) = Z12Z,

I, if (y,,¥.,,Y,.4) hasatleasttwol's

wherezi={ 1 <1< 2.

0, if(y.,Y.,,Y..)haslessthantwol's ’
Determine 1) d(111011) 11) d(010100) iii) d(101011) ii) d(000110).

11



2 : Multiple choice Questions of 1 marks

1) If e : B — B" is an encoding function then - - - -
a) m <n and e is onto b) m <n and e is one one
¢) m>n and e is onto d) m >n and e is one one

2) If x € B™ then weight of x is - - - -
a) the number of 0°*in x  b) the number of 1°* in x

¢) the difference of the number of 1°* and the number of 0°° in x

d) m

3) If an encoding function e : B™ — B" is a parity check code then - -
aym=n+1 b)n=m+1 c)m=n d)n=m+m

4) If minimum distance of an encoding function e : B — B"is k

then e can detect - - - -
a) k or fewer errors b) less than k errors
c¢) more than k errors d) k + 1 errors
5)  Anencoding function e : B — B" is a group code if
a) Ran{e} is a subgroup of B”.  b) Ran{e} is a subgroup of B".
¢) Ran{e} is not a subgroup of B™. d) none of these

6) Ifd : B" - B™is a (n,m) decoding function then - - - -

a) m <n and d is onto b) m <n and d is one one
¢) m >n and d is onto d) m > n and d is one one
7 Let e : B™ — B" be an encoding function with minimum distance

2k + 1. If d is maximum likehood decoding function associated

with e then [ed] can correct - - - -

a) more than k errors b) more than 2k + 1 errors

c) k errors d) less than or equal to k errors
8) IfB={0, 1} then order of a group B*=- - - -

a)2 b) 4 c)8 d) 16

12



3 : Questions of 3 marks

1) Let x, y be elements of B™. Show that i) 8(x,y) >0

i) 8(x,y) = 0> x=y.

2) Letx,y, z be elements of B™. Show that i) 8(x ,y) = &(y, X)

1))

2)

3)

4)

S)

6)

1) 8(x,y) <d8(x,2z)+0d(z,y).
If minimum distance of an encoding function e : B™ — B" is at least
k + 1 then prove that e can detect k or fewer errors.
If an encoding function e : B™ — B" can detect k or fewer errors then
prove that its minimum distance is at least k + 1.
Let e : B™ — B" be a group code. Prove that the minimum distance of
e is the minimum weight of a non zero code.
Letm<n,n-m=rand x=bb,----bX;X,---x, € B"andx * H
= 0, where H is the parity check matrix of order nxr. Show that there
exists an encoding function ey : B™ — B" such that x = ey(b), for some
b € B™
Consider (3 , 6) encoding function e : B> — B° defined by ¢(000) =
000000, e(001) = 001100, e(010) = 010011, e(100) = 100101, e(011)
=011111, e(101) =101001, e(110) = 110110, e(111) =111010. Show
that e is a group code.
Consider (3 , 6) encoding function e : B> — B° defined by ¢(000) =
000000, ¢(001) = 001100, e(010) = 010011, e(100) = 100101, e(011)
=011111, e(101) = 101001, e(110) = 110110, e(111) = 111010. How

many errors will e detect?

13



7) Consider (3 , 8) encoding function ¢ : B> — B® defined by ¢(000) =
00000000, e(001) = 10111000, e(010) = 00101101, e(100) =
10100100, e(011) = 10010101, e(101) = 10001001, e(110) =
00011100, e(111)=00110001. How many errors will e detect?

8) Consider (3 , 8) encoding function ¢ : B> — B® defined by e(000) =
00000000, e(001) = 10111000, e(010) = 00101101, e(100) =
10100100, e(011) = 10010101, e(101) = 10001001, e(110)
00011100, e(111) =00110001. Is e a group code? Why?

9) Consider (2 , 6) encoding function e : B> — B® defined by e(00)
000000, e¢(01) = 011110, e(10) = 101010, e(11) = 111000. Find the

minimum distance of e. Is e a group code? Why?

10)Consider (2 , 6) encoding function e : B> — B° defined by e(00) =
000000, e(01) =011110, e(10) = 101010, e(11) = 111000. How many
errors will e detect?

I1)Let e be (3, 5) encoding function defined by ¢(000) = 00000, e(001) =
11110, e(010) = 01101, ¢(100) = 01010, e(011) = 10011, e(101) =
10100, e(110) =00111, e(111) =11001. Show that e is a group code.

12)Let e be (3, 5) encoding function defined by ¢(000) = 00000, e(001) =
11110, e(010) = 01101, ¢(100) = 01010, e(011) = 10011, e(101) =
10100, e(110) = 00111, e(111) = 11001. How many errors will e

detect?

13) Let H = be a parity check matrix. Determine the group

S O = O =
O = O =
- o O = O

code ey : B> > B°.

14



14)Let H = be a parity check matrix. Determine the group code

O O = O =
S = O = O =
_— O O = = O

e - B* - B®.

15)Let H = be a parity check matrix. Determine the group code

O O == O =
S = O = = O
—_— 0 O = = O

ey : B’ — B

16)Consider (3 , 8) encoding function e : B® — B® defined by ¢(000) =
00000000, e(001) = 10111000, e(010) = 00101101, e(100) =
10100100, e(011) = 10010101, e(101) = 10001001, e(110) =
00011100, e(111) = 00110001. Let d be an (8 , 3) maximum
likelihood decoding function associate with e. How many errors can
(e,d) detect?

17)Consider (3 , 5) encoding function e : B — B° defined by by ¢(000) =
00000, e(001) = 11110, ¢(010) = 01101, e(100) = 01010, e(011) =
10011, e(101) = 10100, e(110) = 00111, e(111) = 11001. Let d be an
(5 , 3) maximum likelihood decoding function associate with e. How
many errors can (e,d) detect?

18)Let e be the (3, 8) encoding function with minimum distance 4. Let d
be the associated maximum likelihood decoding function. Determine

the number of errors that (e,d) can correct.

15



1 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1

. .0 1 10 0110 ../]01 10,0110
19)Find 1) @ 11) *

0110 01 10 01 1 001120

I 1 01 1 1 0 1 1 1 0 1 I 1 01

20)Explain the procedure for obtaining a maximum likelihood decoding
function associated with a group code e : B™ — B".
21)Explain the decoding procedure for a group code given by a parity

check matrix.

I 00
I 1T 0
22)Let H = (1) (1) (1) be a parity check matrix. Decode 011001 relative
01 0
0 0 1

to a maximum likelihood decoding function associate with ey.

23)Let H = be a parity check matrix. Decode 101011 relative

O O = O = =
S = O = = O
- O = O

to a maximum likelihood decoding function associate with ey.

Unit — III

1 : Questions of 2 marks

1) Let (R, +) be a group of real numbers under addition. Show that f: R — R,
defined by f(x) = 3x, for all x € R, is a group homomorphism. Find Ker(f).
2) Let (R, +) be a group of real numbers under addition. Show that f: R — R,

defined by f(x) = 2x, for all x € R, 1s a group homomorphism. Find Ker(f).

16



3) If (R, +) is a group of real numbers under addition and (R", ) is a group of
positive real numbers under multiplication. Show that f: R — R”, defined by
f(x) =€, for all x € R, is a group homomorphism. Find Ker(f).

4) Let (R, ) be a group of non zero real numbers under multiplication. Show
that £ : R© — R, defined by f(x) = x* , for all x € R, is a group
homomorphism. Find Ker(f).

5)Let (C*, -) be a group of non zero complex numbers under multiplication.
Show that f : C° — C°, defined by f(z) = z* , for all z € C, is a group
homomorphism. Find Ker(f).

6) Let (Z , +) be a group of integers under addition and G = {5" : n € Z} a group
under multiplication. Show that f : Z — G, defined by f(n) = 5", for alln € Z,
1s onto group homomorphism.

7) Let (Z, +) and (E , +) be the groups of integers and even integers respectively
under addition. Show that f: Z — E, defined by f(n) =2n, foralln € Z, is an
1somorphism.

8) Define a group homomorphism. Let (G , *) , (G , *') be groups with identity
elements ¢ , e’ respectively. Show that f: G — G, defined by f(x) = ¢’ for all
x € @, 1s a group homomorphism.

9) LetG={a,a’,a ,a*,a’=e} be the cyclic group generated by a. Show that
f: (Zs , +5) = G, defined by f(n) = a" , for all n e Zs, is a group
homomorphism. Find Ker(f).

10) Letf: (R, +) > (R, +) be defined by f(x) =x + 1, for all x € R. Is f a group

homomorphism? Why?

11)Let G={1,-1,1, -i} be a group under multiplication and Zs= {1, 3, 5,

7} a group under multiplication modulo 8. Show that G and Z'y are not
isomorphic.

12) Show that the group (Z4 , +4) is isomorphic to the group (Z's , x5s).

17



13) Let f : G — G be a group homomorphism. If a € G and o(a) is finite then
show that o(f(a)) | o(a).

14) Let f: G — G be a group homomorphism If H is a subgroup of G then
show that Ker(f) c £ '(H).

15) Let f: G — G be a group homomorphism and o(a) is finite, for all a € G. If f
is one one then show that o(f(a)) = o(a).

16) Let f: G — G be a group homomorphism and o(f(a)) = o(a), for all a € G.

Show that f is one one.

2 : Multiple choice Questions of 1 marks

Choose the correct option from the given options.
1) Every finite cyclic group of order n is isomorphic to - - -
a) (Z,1) D) (Zn,+tn) ) (Zn,xn) d) (Zn,xn)
2) Every infinite cyclic group is isomorphic to - - -
) (Z,1) bZ.t) ). x) d) (Zu,x)
3) Letf: G — G be a group homomorphism and a € G. If o(a) is finite

then - - -
a) o(f(a)) = o0 b) o(f(a)) | o(a).
¢) o(a) | o(f(a)) d) o(f(a)) = 0.

4) A group G={1,-1,1, -1} under multiplication is not isomorphic to -

a) (Z4 s +4) b) G
) (Zs, xs) d) none of these.
5) Let f: G — G be a group homomorphism. If G is abelian then f(G) is

a) non abelian b) abelian

¢) cyclic d) empty set

18



1

2)

3)

4)

5)

6) Let f: G — G be a group homomorphism. If G is cyclic then f(G) is -

a) non abelian b) non cyclic
¢) cyclic d) finite set

7) A onto group homomorphism f: G — G is an isomorphism if Ker(f) =

a) ¢ b) {e) c) {e} d) none of these
8) A function f: G - G, (G is a group) , defined by f(x) = x-1, for all x
€ G, is an automorphism if and only if G is - - -

a) abelian  b) cyclic c¢) non abelian d) G= ¢.

3 : Questions of 4 marks

Let f: G — G be a group homomorphism . prove that f(G) is a subgroup
of G Also prove that if G is abelian then f(G) is abelian.

Let f: G — G be a group homomorphism. Show that f is one one if and
only if Ker(f) = {e}.

LetG={1,-1,1, -1} be a group under multiplication. Show that f: (Z,
+) — G, defined by f(n) =1i", for all n € Z, is onto group homomorphism.
Find Ker(f).

LetG={1,-1,1, -1} be a group under multiplication. Show that f: (Z,
+) — G, defined by f(n) =(-i)" , for all n € Z, is onto group
homomorphism. Find Ker(f).

b
Let G = {[ ab } :a,beR, a2+b2¢0} be a group under
— a

multiplication and C~ be a group of non zero complex numbers under

19



* b
multiplication. Show that f: C — G defined by f(a + ib) = { ab }, for
— a

alla+ib e C', is an isomorphism.

6) Define a group homomorphism. Prove that homomorphic image of a
cyclic group is cyclic.

7) Letf: G — G be a group homomorphism. Prove that

1) f(e) is the identity element of G, where e is the identity element
of G

iiy fla')=(f(a))", forallae G

iii)  f(a™) = (f(a))", for alla e G,m € Z.

8) Let(C ™, ) .(R", -) be groups of non zero complex numbers, non zero real
numbers respectively under multiplication. Show that f : C" > R defined
by f(z) = |z |, forallz e C’, is a group homomorphism. Find Ker(f). Is f
onto? Why?

9) Let (C", ), (R, -) be groups of non zero complex numbers, non zero
real numbers respectively under multiplication. Show that f : C* — R”
defined by f(z) = | z |, forall z e C’, is a group homomorphism. Find
Ker(f). Is f onto? Why?

10)Let G = {1, -1} be a group under multiplication. Show that f: (Z , +) —

G defined by f(n) = , 1 ' n ls'even
-1 , 1fnisodd

is onto group homomorphism. Find Ker(f).

11)Let (R", -) be a group of positive reals under multiplication. Show that f:
(R,+) — R" defined by f(x) = 2%, for all x € R, is an isomorphism.

12) Let (R", -) be a group of positive reals under multiplication. Show that £ :
(R,+) — R" defined by f(x) = &*, for all x € R, is an isomorphism.

13) If f: G — G'is an isomorphism and a € G then show that o(a) = o(f(a)).

14) Prove that every finite cyclic group of order n is isomorphic to (Z, , +,).
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15)Prove that every infinite cyclic group is isomorphic to (Z , +).

16)Let G be a group of all non singular matrices of order 2 over the set of
reals and R” be a group of all nonzero reals under multiplication. Show
that f: G — R, defined by f(A) = | A |, for all A € G, is onto group
homomorphism. Is f one one? Why?

17) Let G be a group of all non singular matrices of order n over the set of
reals and R” be a group of all nonzero reals under multiplication. Show
that f: G — R", defined by f(A) = | A |, for all A € G, is onto group
homomorphism.

18) Let R" be a group of all nonzero reals under multiplication. Show that f :
R" —> R, defined by f(ix) = | x |, for all x € R, is a group
homomorphism. Is f onto? Justify.

19) Prove that every group is isomorphic to it self. If G, , G, are groups such
that G; = G, then prove that G, = G;.

20) Let G, , G, , G; be groups such that G; = G, and G, = Gs. Prove that
G, = Gs.

21)Show that f: (C,+) — (C, +)defined by f(a + ib) = —a + ib, for all a + ib
e C, is an automorphism.

22)Show that f: (C,+) — (C, +) defined by f(a + ib) =a — ib, for all a + ib
e C, is an automorphism.

23) Show that f: (Z,+) — (Z,+) defined by f(x) = —x, forall x € Z, is an
automorphism.

24) Let G be an abelian group. Show that f : G — G defined by f(x) = x™', for
all x € G, is an automorphism.

25)Let G be a group and a € G. Show that f, : G — G defined by f,(x) =
axa’, forall x € G, is an automorphism.

26)Let G bea group and a € G. Show that f,: G — G defined by f,(x) =

-1 . .
a xa, forall x € G, is an automorphism.
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27)Let G ={a,a’,a’,--- ,a'” (=e)lbe a cyclic group generated by a.
Show that f : G — G defined by f(x) = x*, for all x € G, is a group
homomorphism. Find Ker(f).

28)Let G = {a,a’,a ,--- ,a” (=e)lbe a cyclic group generated by a.
Show that f : G — G defined by f(x) = x°, for all x € G, is a group
homomorphism. Find Ker(f).

29) Show that f: (C,+) — (R, +) defined by f(a + ib) = a, for alla + ib €
C, is onto homomorphism. Find Ker(f).

30) Show that homomorphic image of a finite group is finite. Is the converse

true? Justify.

Unit — IV
1 : Questions of 2 marks

1) Inaring(Z, ® ,®),wherea ® b=a+b—-1landa®b=a+b-—ab, for
all a,b e Z, find zero element and identity element.

2) Define an unit. Find all units in (Zg , +¢ , X¢).

3) Define a zero divisor. Find all zero divisors in (Zg , +g , Xg).

4) Let R be a ring with identity 1 and a € R. Show that

i)(-1)a= —a i nH=1

5) Let R be a commutative ring and a , b € R. Show that (a — b)> = a> — 2ab
+b”.

6) Let (Z[v-5]1,+, *) be a ring under usual addition and multiplication of
elements of Z[~/-5 ]. Show that Z[+/—5 ] is a commutative ring . Is 2 +
34/=5 aunitin Z[v-51?

7) Let m e (Z, , . , %,) be a zero divisor. Show that m is not relatively

prime to n, where n > 1.
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8) If m e (Z, , +4 , %,) 1s invertible then show that m and n are relatively
prime to n, where n > 1.

9) Letn>1 and 0 <m <n. If m is relatively prime to n then show that
m e (Z, , +a , %y) 1s invertible.

10) Let n > 1 and 0 < m < n. If m 1s not relatively prime to n then show that
m e (Zy , +n , Xy) 1S a zero divisor.

11) Show that a field has no zero divisors.

12)Let R be a ring in which a® = a, for all a € R. Show thata +a =0, for all a
e R.

13)Let R be a ring in which a’=a forallae R.Ifa,be Randa+b=0,
then show that a=b.

14)Let R be a commutative ring with identity 1. If a , b are units in R then
show that a™' and ab are units in R.

15) In (Ziz, 12, xp0) find (i) (3)" +12 (5)7 (D) (7)" +12 8.

10)In (Zi2, 12, 1) find () (5)" = 7 (i) (17 +12 5.

2 : Multiple choice Questions of 1 marks

Choose the correct option from the given options.

1) R={+1, £2, £3, - - - } is not a ring under usual addition and
multiplication of integers because - - -
a) R is not closed under multiplication
b) R is not closed under addition
¢) R does not satisfy associativity w.r.t. addition
d) R does not satisfy associativity w.r.tmultiplication

2) Number of zero divisors in (Zs , +¢ , X6) = - - -
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a) 0 b) 1 c) 2 d) 3
3) (Zaz,ta3, X43) 18- - -

a) both field and integral domain

b) an integral domain but not a field

c¢) a field but not an integral domain

d) neither a field nor an integral domain
4) In (Zy,+o, Xo), 6 is - - -

a) a zero divisor b) an invertible element

c) a zero element d) an identity element
5) Every Boolean ring is - - -

a) an integral domain b) a field

¢) a commutative ring d) a division ring
6) Ifaisaunitinaring Rthenais---

a) a zero divisor b) an identity element

¢) azero element d) an invertible element
7) If R is a Boolean ring and a € R then - - -

a) ata=a b) a’=0 c) a’=1 d) ata=0
8) Valueof (7)*— 7 in(Zs,+g, xg) is - - -

a) 6 b) 4 c) 2 d) 0

3 : Questions of 6 marks
la) Define 1) a ring 1i) an integral domain iii) a division ring.
b) Show that the set R = {0, 2, 4, 6} is a commutative ring under
addition and multiplication modulo 8.
2a) Define 1) a commutative ring 1i) a field iii) a skew field.

b) In 2Z, the set of even integers, we define a + b = usual addition

ofaandbanda @ b= %. Show that 2Z ,+, ®)is aring.
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3 a) Define i) a ring with identity element ii) an unit element iii) a
Boolean ring.
b) Let (2Z , +) be an abelian group of even integers under usual

addition. Show that (2Z , +, ©) is a commutative ring with

identity 2, wherea ® b = %, foralla,b € 2Z.

4) a) Define 1) a zero divisor 1ii) an invertible element iii) a field.
b) Let (3Z , +) be an abelian group under usual addition where 37

= {3n|n e Z}. Show that (3Z , +, ®) is a commutative ring

with identity 3, where a @ b = %, foralla,b e 3Z.

5) a) Let (R, +, ') be aring and a, b, ¢ € R. Prove that
1)a-0=0 1ii)(a—b)c=ac—bc.
b) Show that (Z, ® , ®)is aring, wherea ® b=a+b—-1anda
®b=a+b-ab,forall a,be Z.
6) a) Let (R, +, ') be aring and a, b, ¢ € R. Prove that
i)a-(-b)= —(ab) 1ii)a(b—c)c=ab-—ac.
b) Show that the abelian group (Z[+/-5], +) is a ring under
multiplication (a
+bv=5)(c+dv=5)= ac—5bd+ (ad + bc) V-5 .
7) a) Define 1) a division ring ii) an unit element iii) an integral domain
b) Show that the abelian group (Z[i] , +) is a ring under
multiplication
(a+bi)(c+di)= ac—bd+ (ad + bc) 1, for all a + bi ,c + di € Z]i].
8a) Let R be a ring with identity 1 and (ab)® = a’b® for all a, b € R. Show
that R is commutative.
b)Show that the abelian group (Z, , +,) is a commutative ring with

identity 1 under multiplication modulo n operation.
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9 a) Show that a ring R is commutative if and only if (a + b)* = a® + 2ab +
b’ foralla, b € R.

b) Show that Z[i] = {a+ib|a, b € Z}, the ring of Gaussian integers,
is an integral domain.

10 a) Show that a commutative ring R is an integral domain if and only if

a,b,ceR,az0,ab=ac=b=c.
b) Prepare addition modulo 4 and multiplication modulo 4 tables. Find
all invertible elements in Z,.

11 a) Show that a commutative ring R is an integral domain if and only if
a,be R, ab= 0= eithera=0o0rb=0.

b) Prepare addition modulo 5 and multiplication modulo 5 tables. Find
all invertible elements in Zs.

12 a) Let R be a commutative ring. Show that the cancellation law with
respect to multiplication holds in R if and only if a,b € R, ab= 0
= eithera=0orb=0.

b) Prepare a multiplication modulo 6 table for a ring (Zs , +¢ , X¢).
Hence find all zero divisors and invertible elements in Zg.

13 a) For n > 1, show that Z, is an integral if and only if n is prime.

b) Let R = {{ Z V—V} D Z, W € C} be a ring under addition and

w V4
multiplication, where C = {a + ib|a , b € R}. Show that R is a
divison ring.

14 a) Prove that every field is an integral domain. Is the converse true?

Justify.
b) Which of the following rings are fields? Why?
)(Z,+,%) i) (Zs,+s,%s) 1i1) (Zas , +25 5 %25)-

15) a) Prove that every finite integral domain is a field.

b) Which of the following rings are integral domains? Why?
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)(2Z,+, %) 1) (Zso , 50 » X50) ii1) (Zy7 , +17., X17).
16 a) Prove that a Boolean ring is a commutative ring.
b) Give an example of a division ring which is not a field.

17 a) forn> 1, show that Z,, is a field if and onle if n is prime.
b)LetR={a+bi+cj+dkla,b,c,deR}, wherei?=j*=k*=-1
,ij=k=4i,jk=1=-kj, ki =j =—ik. Show that every nonzero

element of R is invertible.
18 a) IfR is aring and a, b € R then prove or disprove (a + b)* = a* +
2ab + b,

b) Show that R", the set of all positive reals forms a ring under the

following binary operations :

a®b=abanda®@b= along, foralla,b € R".
19 a) Define 1) a ring i1) a Boolean ring iii) an invertible
element.
b) Let p be a prime and (pZ , +) be an abelian group under usual

addition, show that (pZ, + , ©®) is a commutative ring with

identity element p where a ® b = ab ,foralla,b € pZ.
p

20) a) Define 1) a ring with identity element 1ii) a commutative ring
iii) a zero divisor.
b) Show that R, the set of all positive reals forms a ring under the

following binary operations :

log b N
a®b=abanda®b=a / ,forallabeR"

k k sk ockosko ok ok ok ok ok ok ok ok sk ok ok ok ok ok ok ok sk sk ok ok ok ok ok ok ok
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